Abstract. The construction of a radar coordinate system about the world line of an observer is discussed. Radar coordinates for a hyperbolic observer as well as a uniformly rotating observer are described in detail. The utility of the notion of radar distance and the admissibility of radar coordinates are investigated. Our results provide a critical assessment of the physical significance of radar coordinates.
Introduction
A physical observer's most basic measurements involve the determination of temporal and spatial intervals. The fundamental nongravitational laws of physics have been formulated with respect to ideal inertial observers; therefore, let us first discuss the spacetime measurements of inertial observers. In an inertial frame of reference with Cartesian coordinates x µ = (t, x, y, z), the fundamental observers are the ideal inertial observers that are at rest in the global reference system. Such observers have access to ideal clocks and measuring rods. The clocks are assumed to be synchronized; for instance, two adjacent clocks at rest can be synchronized by a fundamental observer and then one of the clocks can be adiabatically transported to another location. The transport can be so slow as to have no practical impact on the synchronization of clocks. Lengths are determined in general by placing infinitesimal measuring rods together. The measurements of uniformly moving inertial observers are related to those of the fundamental observers by Lorentz invariance, which leads to the phenomena of length contraction and time dilation [1] . To apply these elementary ideas in realistic situations involving accelerated systems and gravitational fields, certain generalizations must be considered. In fact, all actual physical observers are more or less noninertial. The standard generalization of the Cartesian inertial coordinates to the case of observers in accelerated systems and gravitational fields involves the introduction of Fermi coordinates [2] . These constitute a geodesic coordinate system X µ = (T, X, Y, Z) that is established along the world line of a reference observer that carries an orthonormal tetrad frame along its path. At each event on the path characterized by the observer's proper time τ , a hypersurface normal to the world line is constructed by all spacelike geodesics normal to the world line. On these hypersurfaces of simultaneity, lengths away from the world line are defined using the proper length of the spacelike geodesic. This is based on the summation of infinitesimal meter sticks placed together along a locally straight line. We note that the underlying assumption regarding these measurements of a noninertial observer in the standard theory of relativity is the hypothesis of locality. That is, the noninertial observer is pointwise equivalent to an otherwise identical momentarily comoving inertial observer [3] .
In an inertial reference frame, the above construction along a "straight" geodesic line with a parallel-propagated frame generates the entire Minkowski spacetime. However, for accelerated systems and gravitational fields there are well-known limitations that are related to the existence of invariant acceleration and curvature lengths [3, 4] .
Since the early days of relativity theory, an alternative method of synchronization of distant clocks -as well as the measurement of the distance between them -has been discussed based on the transmission and reception of light signals. Specifically, imagine an arbitrary observer P on a reference world line and suppose that at its proper time τ 1 it transmits a light signal to a (moving) observer Q that immediately and without delay transmits a light signal right back to P as in Fig. 1 . The second signal is received by P at its proper time τ 2 . We suppose that the clock carried by Q at the event of signal interchange is simultaneous with the event along the world line of its reference observer P at its proper time η = (τ 1 + τ 2 )/2. In this way the clocks of P and Q are synchronized. That is η − τ 1 = τ 2 − η, so that the time (η − τ 1 ) that it takes for the first signal to reach Q is equal to the time (τ 2 − η) that it takes for the second signal to reach P. The corresponding distance from P to Q at the instant of simultaneity is then ρ = c(τ 2 −τ 1 )/2. The limiting case of τ 1 = τ 2 refers to the location of observer P, where ρ = 0 and η = τ is the proper time of the reference observer. It is well known that for inertial observers in Minkowski spacetime, these operational procedures are equivalent to the standard approach discussed above. Moreover, this method can be employed in accelerated systems and gravitational fields for observers whose world lines are infinitesimally close to each other [5] . On the other hand, it has been suggested that the "radar" approach may also be useful for general observers [6] . The synchronization of distant clocks by light signals may lead to a foliation of spacetime by spacelike hypersurfaces of fixed η. Indeed in view of the well-known limitations of Fermi coordinates, some authors have recently suggested that radar coordinates may be preferable [7, 8] . The purpose of this paper is to demonstrate that this is not the case by pointing out the limitations of radar coordinates. We confine our discussion to noninertial observers in Minkowski spacetime for the sake of simplicity. In section 2 we define radar coordinates and discuss critically the concept of radar distance. Hyperbolic and uniformly rotating observers are considered in sections 3 and 4, and the limited domains of admissibility of their radar coordinates are demonstrated. Section 5 contains a brief discussion of our results.
Radar coordinates
Imagine an observer P following a world linex µ (τ ) in a global inertial coordinate system. Henceforth we use units such that c = 1. The radar time and distance that P assigns to observer Q at x µ = (t, x, y, z) are η and ρ, respectively. Thus in figure 1 , τ 1 = η − ρ, τ 2 = η + ρ and the equations for the null rays in figure 1 imply that
These equations basically define η and ρ in terms of t, x, y and z. We define the radar coordinates of Q to be (η, ρ, θ, φ), where (θ, φ) are the standard polar coordinates that uniquely identify the direction from P to Q; therefore, −∞ < η < ∞, 0 ≤ ρ < ∞, 0 ≤ θ ≤ π, 0 ≤ φ < 2π. The radar coordinate system is thus a "spherical" polar coordinate system that is set up such that P is fixed at the origin of the spatial coordinates. As usual, the proper domain of definition of these polar coordinates excludes their associated z−axis.
• Imagine, for instance, that P is an inertial observer moving with constant speed v along the x−direction t = γτ,x = γvτ,ȳ = 0,z = 0, (2.3)
After squaring (2.4) and (2.5) and then adding and subtracting the resulting equations we find the transformation between (t, x, y, z) and (η, ρ, θ, φ),
This result has a simple physical interpretation. First consider the Lorentz boost
, where P is at the spatial origin of the new coordinates
Next, consider the transformation to spherical polar coordinates in the boosted frame,
Substituting (2.8) in (2.7) results in (2.6). It is thus clear that for an inertial observer radar coordinates can in principle cover the whole Minkowski spacetime and ds 2 = η αβ dx α dx β is then given by
Extending this analysis to noninertial observers provides a definite method of choosing the polar coordinates θ and φ. To solve this problem, we introduce a natural tetrad frame of the reference observer P. At each instant of proper time τ , P is at the spatial origin of its local orthonormal triad. The polar angles are then chosen with respect to this local triad, that is, at each instant τ , (ρ, θ, φ) are the spherical polar coordinates in an infinitesimal spatial neighborhood of P.
The principal advantage of radar coordinates has to do with the nonlocal synchronization of distant clocks as well as a definition of radial distance based on a certain average light travel time. We now wish to show that the utility of the latter is quite limited. To see the problem with radar distance, consider an observer P rotating uniformly on a circle of radius r about an observer Q as in Fig. 2 . If a light signal traverses the radius of the circle in a time t, t = r, then τ 2 − τ 1 = 2t √ 1 − v 2 , where v is the uniform speed of the observer P. Thus we have the unusual result that The direction of motion of P is always orthogonal to the direction from P to Q, yet the radar distance to the center depends on the speed of motion of P. That is, the radar distance from P to Q is always less than r and approaches zero if the speed of P approaches the speed of light. This problem is absent in Fermi coordinates; in fact, it is shown in appendix A that in terms of Fermi coordinates we get the standard result that the distance from P to Q is r.
In a sufficiently small neighborhood around any regular event in a gravitational field, the spacetime is approximately flat. It then follows from our results that in such a neighborhood the infinitesimal radar distance employed for instance in [5] in fact agrees with the corresponding Fermi distance in that limit; however, for finite separations the Fermi distance is in general different from the radar distance, which must then be employed with great care [9] .
The relationship between the radar and Fermi coordinates can be further clarified as follows: Let (T, X, Y, Z) be the Fermi coordinate system around the world line of observer P. We introduce the spherical polar coordinates (ρ, θ, φ ) such that X =ρ sin θ cos φ, Y =ρ sin θ sin φ and Z =ρ cos θ. Whenρ is sufficiently small, i.e. ρ ≪ L, where L is the acceleration length of P, (T,ρ, θ, φ) is an admissible coordinate system and with T = η andρ = ρ coincides with the radar coordinate system around P. Beyond this limiting situation, the two coordinate systems (T,ρ, θ, φ) and (η, ρ, θ, φ) generally differ from each other. Forρ ∼ L, the Fermi coordinate system generally breaks down. Moreover, we expect that for ρ ∼ L the radar coordinate system becomes inadmissible as well. The standard admissibility conditions are discussed in [5] ; in any case, we must have g ηη < 0 in radar coordinates. We will show in the next section that for the hyperbolic observer (L = 1/g), the regime of applicability of the two coordinate systems coincide, whereas this is not the case for the uniformly rotating observer (L = 1/Ω) discussed in section 4. A complete treatment of the admissibility of general radar coordinates is beyond the scope of this work [10] .
Hyperbolic observer
Let P be uniformly accelerated along the z-axis with a world linē
In this case (2.1) and (2.2) reduce to
One can show on the basis of these equations that (t, x, y, z) → (η, ρ, θ, φ) is given by
We note that as g → 0, (3.4)-(3.6) reduce to the standard spherical polar coordinates, as expected. By treating ρ to first order in (3.4)-(3.6), it is possible to show that (ρ, θ, φ) is indeed the spherical polar coordinate system constructed about P in an infinitesimal spatial neighborhood in the natural Fermi -Walker transported triad along the hyperbolic observer's world line. To this end, we recall that the Fermi coordinates are given in this (Rindler) space by [11] 
Let us introduce polar coordinates via X = ρ sin θ cos φ, Y = ρ sin θ sin φ and Z = ρ cos θ. Then, with T = η, (3.7) and (3.4) -(3.6) are identical when we put cosh gρ ≃ 1 and sinh gρ ≃ gρ for ρ ≪ 1/g. The spacetime metric in radar coordinates is given by ds 2 = −(cosh gρ + cos θ sinh gρ) 2 dη 2 + (cosh 2gρ + cos θ sinh 2gρ)dρ
It can be shown that these radar coordinates are admissible if and only if
We note that −g ηη = (z + 
when it returns back to P. We note thatρ(η = 0) = v 0 andρ(η = η 0 ) = −v 0 , whilë ρ(η = 0 or η 0 ) = −g(1−v 2 0 ). In contrast, the corresponding result for Fermi coordinates is −g(1 − 2v 2 0 ); see [12] . Here an overdot denotes differentiation with respect to the radar time η. For η > η 0 , the motion is along θ = π, hence 12) so that as η → ∞, Q approaches the Rindler horizon at ρ = ∞, since −g ηη = e −2gρ in this case. In the limit that Q is a null ray with v 0 = 1, the motion is simply given by ρ = η. These results should be compared and contrasted with the results of [12] based on Fermi coordinates.
Uniformly rotating observer
Consider next the world line of a uniformly rotating observer P parametrized by its proper timet = γτ,x = R cos Ωτ,ȳ = R sin Ωτ,z = 0. (4.1)
The observer moves with speed v = RΩ 0 on a circle of radius R with its center at the spatial origin of the global inertial coordinates. The azimuthal angle of P with respect to inertial coordinates is given by Ω 0t = Ωτ , where Ω = γΩ 0 and γ is the Lorentz factor of P ,
The radar coordinate system around P can be developed as in figure 1 with τ 1 = η − ρ and τ 2 = η + ρ. The following conditions must be satisfied:
To simplify the analysis, consider the rotation (x, y, z)
It follows that
From (4.3)-(4.4) and (4.6)-(4.7) we get
Adding and subtracting (4.8) and (4.9) result in
It proves useful to define the quantities U and V ,
where (γρ) 2 − R 2 sin 2 Ωρ ≥ 0 and V = 0 only when ρ = 0. Based on these definitions, we have t = γη + RU sin Ωρ, y ′ = γρU (4.13)
and from (4.9)
We now define the spherical polar angles (θ, φ) as follows:
since it follows from equation (4.15) that z ′2 /V 2 ≤ 1 and U 2 ≤ 1. Hence
and from (4.5), (4.13) and (4.16) t = γη + R sin θ sin φ sin Ωρ, x = (R cos Ωρ + V sin θ cos φ) cos Ωη − (γρ sin θ sin φ) sin Ωη, y = (R cos Ωρ + V sin θ cos φ) sin Ωη + (γρ sin θ sin φ) cos Ωη,
Note that for Ω = 0 these relations reduce to the usual spherical coordinates with origin at (R, 0, 0):
To examine the physical significance of radar coordinates (4.18), it is important to consider the limiting case of R = 0. The observer P is then fixed at the spatial origin of the global inertial frame and (4.18) reduces to t = η and
This is the standard transformation to rotating Cartesian coordinates, which means that though P is fixed it is still noninertial as it refers its observations to axes rotating uniformly about the z−direction with frequency Ω 0 . Indeed, these rotating axes are the natural orthonormal triad of P, as illustrated in appendix A and the polar angles (θ, φ) are defined with respect to these rotating axes.
It is interesting to return to the problem of the radar distance of P to the center of the circle of radius R. This center has inertial coordinates (t, x = y = z = 0); therefore (4.18) implies that
in agreement with section 2. As is clear from figure A1 in appendix A, the center of the circle is always at (θ, φ) = (π/2, π) for the reference observer P. The metric in radar coordinates has a complicated form in this case; therefore, to simplify the analysis we use the coordinates (η, x ′ , y ′ , z ′ ) instead. Let us note that x ′ , y ′ and z ′ are independent of η and they have their origin at the center of the circle, while (ρ, θ, φ) has its origin at P. We assume that (
is a proper coordinate transformation and define
Then, in terms of (η, x ′ , y ′ , z ′ ) the metric is
It follows from the general form of this metric that the conditions for the admissibility of the (η, x ′ , y ′ , z ′ ) coordinate system reduce to
Thus the boundary of the admissible region is given by g ηη = 0. It follows from (4.24) that
so that the boundary surface ρ = ρ(θ, φ) is given by
This surface has the topology of a cylinder about the observer's Z−axis (cf. appendix A), since for θ = 0, π we have −g ηη = 1 + R 2 Ω 2 sin 2 Ωρ, which is always positive. Moreover, for ρ ≫ R/γ, equation (4.26) implies that ρ sin θ ∼ 1/Ω, so that the asymptotic radius of the cylinder is Ω −1 . For θ = π/2, the boundary surface reduces to a closed curve that is depicted in figure 3 , where Ωρ sin φ is plotted versus Ωρ cos φ, for ΩR = 1. We plot Ωρ sin φ versus Ωρ cos φ for the special case ΩR = 1.
Discussion
The theoretical construction of an extended frame of reference is a basic problem in the theory of relativity and has been the subject of many recent investigations [10, 13, 14] . The present paper has been devoted to the construction and investigation of radar coordinates. For the sake of simplicity , we have limited the scope of our work to accelerated observers in Minkowski spacetime and have found that radar coordinates have limited utility in terms of the concept of radar distance. Moreover, the domain of applicability of radar coordinates is limited just as it is with Fermi coordinates. Once an observer is accelerated, the absolute character of its acceleration is reflected in the existence of local acceleration lengths. While these locally limit the pointwise applicability of the hypothesis of locality [3] , they also determine the scale of the domain of validity of physically -motivated coordinate systems established around the world line of the observer. Radar coordinates may be interesting and useful, especially in connection with the synchronization of distant clocks; however, they cannot in general replace the more basic Fermi coordinates. The scheme of setting up coordinate systems about the world lines of observers may be called the 1+3 splitting of spacetime, since the time coordinate is essentially distinguished as it is the proper time of an observer. A complementary scheme is based on a natural foliation of spacetime by spacelike hypersurfaces. Admissible 3+1 splittings have been discussed in [15] . Moreover, a dynamical realization of the 3+1 scheme in the case of weak gravitational fields is contained in [16] .
The present knowledge of the structure of the universe is dependent to a large extent upon the reception of electromagnetic signals from distant astronomical bodies as well as communication with spacecraft via radio signals that are transponded back to the Earth. This circumstance provides the motivation to investigate generalizations of the radar coordinate system as, for instance, the approach recently proposed in [10] .
Appendix A. Fermi coordinates for uniformly rotating observer
Consider the uniformly rotating observer P in section 4 with its world line given by (4.1). The natural orthonormal tetrad of this observer is given in (t, x, y, z) coordinates by [3] The center of the circle is represented by Q: (t, x = y = z = 0) with Fermi coordinates T = t/γ, X = −R and Y = Z = 0 as in figure 3 . Thus the Fermi distance between P and Q is the radius of the circle R, as expected. Transforming (X, Y, Z) to spherical polar coordinates (ρ, θ, φ), we note that Q is atρ = R, θ = π/2 and φ = π. Moreover, withρ = ρ very small and T = η, (A.2) is identical with (4.18) when Ωρ is treated to first order (i.e. cos Ωρ ≃ 1, sin Ωρ ≃ Ωρ and V ≃ ρ); as discussed above, this is simply a consequence of the fact that the polar coordinates are defined with respect to the local spatial frame of the observer P. The spacetime metric in Fermi coordinates is
The Fermi coordinates are admissible for Ω 2 0 (X + R) 2 + γ 2 Ω 2 0 Y 2 < 1. The boundary region is an elliptic cylinder whose axis coincides with the Z−axis and is characterized in the (X, Y )-plane by an ellipse with its center at Q. The ellipse has semimajor axis 1/Ω 0 and semiminor axis 1/(γΩ 0 ); in fact, this ellipse with eccentricity v < 1 can be considered in terms of a circle of radius 1/Ω 0 that is Lorentz-Fitzgerald contracted along the direction of motion of P, which occupies a focus of this ellipse.
